ABSTRACT In this paper, an adaptive nonsingular terminal sliding mode control (ANTSMC) is investigated for attitude tracking of spacecraft with actuator faults. First, a nonsingular fast terminal sliding mode surface is designed to avoid the singularity. Finite-time attitude control is developed using the nonsingular terminal sliding mode technique, which can make the attitude and angular velocity tracking errors converge to zero in finite time in the presence of uncertainties and external disturbances. Second, the total uncertainty is deduced to be bounded. The adaptive laws are incorporated to develop the ANTSMC, removing the restriction on the upper bound of the lumped uncertainty. The finite-time convergence of the closed-loop system with ANTSMC is proved using the Lyapunov stability theory. Finally, the simulation results are presented to demonstrate the performance of the proposed controllers.
I. INTRODUCTION
Attitude tracking is a fundamental and important issue for spacecraft to accomplish various advanced space missions [1] - [3] . Thus, attitude control has attracted wide attention in theoretical research and engineering application. Recently, many control methods have been investigated to improve attitude tracking of spacecraft. In [4] , a nonlinear control law using linear matrix inequality technique was developed for spacecraft to achieve high-accurate and robust attitude tracking. In [5] , an inverse optimal adaptive controller was proposed for attitude tracking to achieve global asymptotic stability in the presence of disturbances with bounded energy. In [6] , an explicit model predictive controller was developed for attitude control of spacecraft. A hybrid PID attitude control law was developed in [7] to achieve global asymptotic stability in the presence of constant disturbance. In [8] , an adaptive backstepping control using barrier Lyapunov function was investigated for attitude tracking of uncertain spacecraft system to solve the problem of input and output constraints. However, these attitude control laws can only achieve asymptotic stability or convergence.
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Finite-time convergence can stabilize system states to equilibrium points in a finite time, which is superior to asymptotic stability or aconvergence [9] - [11] .
Finite time control laws are desired for various control systems. Therefore, finite-time control techniques have been widely applied for attitude control of spacecraft. The work in [12] studied the finite-time control technique by adding a power integrator for the attitude tracking. This control approach guarantees that the tracking errors converge to zero in finite time in the absence of disturbances. However, considering disturbances, the tracking errors only converge to a small neighborhoods of zero. In [13] - [15] , finite-time controllers using the homogeneous method were investigated for rigid spacecraft. Although they guarantee the closed-loop system finite-time stable, they don't consider the disturbances and uncertainties. Compared with other finite-time control approaches, terminal sliding mode (TSM) is a powerful technique and widely studied in many control systems. It can not only achieve finite time convergence, but also handle bounded uncertainties and external disturbances in control system. Jin and Sun [16] presented a robust controller using TSM for rigid spacecraft to guarantee finite time reachability in the presence of uncertainties and external disturbances. In [17] and [18] , fast TSM (FTSM) was studied for the atti-tude stabilization and control of rigid spacecraft. However, there exists singularity problem in both TSM and FTSM, which is not expected in controller design. Two-phase sliding mode surface was proposed to overcome the singularity in the reaching phase [19] . Then, this method has been widely used for TSM control (TSMC) of spacecraft [18] , [20] - [24] . However, it doesn't guarantee finite time convergence in a small region around zero. To overcome the singularity, Li et al. [25] and Pukdeboon and Siricharuanun [26] employed a nonsingular terminal sliding mode (NTSM) technique for finite time attitude control problem. To the best of the author's knowledge, apart from the two works, there is no more works on NTSM control (NTSMC) for the finite time attitude control of spacecraft.
For attitude control, actuator fault is an important practical problem [27] , [28] . Fault tolerant control is a promising technique for spacecraft attitude control to guarantee safety and reliability when actuator faults occur [29] - [37] . These approaches are classified into two main categories: passive tolerant approach and active tolerant approach. The passive approach only makes use of robust control scheme to reject undesirable faults [29] - [33] . The active approach [34] - [37] reconstructs the real-time information of actuator faults by a fault detection and diagnosis block, then accommodates actuator faults actively by reconfiguring the controller to guarantee the acceptable performance of spacecraft attitude control. In the active approach, the type of actuator faults is required to be identified in real time and controller is required to be reconfigured within a specified period of time. It is a very challenging task in a practical application. It should be noted here that neither fault detection and diagnosis block nor the reconfiguration of the controller is required for the passive approach. Compared with the active approach, the passive one simplifies the structure of controller and reduces the computational burden [31] , which is easier to implement in practical application.
To the best of the author's knowledge, there are only the two works [25] , [26] on NTSMC for the finite time attitude control of spacecraft. On the one hand, they require the upper bound of disturbances. On the other hand, they don't consider actuator faults. Motivated by the above observations, this paper investigates adaptive NTSMC (ANTSMC) for attitude tracking of spacecraft with actuator faults. Compared with the existing works [25] , [26] , the main contributions of the paper are listed as follows: 1) a nonsingular fast terminal sliding mode manifold is designed for attitude tracking of spacecraft; 2) the total uncertainty is modeled by the boundary constraint related to a constant, the control input and the angular velocity; 3) actuator fault is considered in NTSMC for attitude control of spacecraft; 4) adaptive laws are incorporated to develop the ANTSMC, which not only guarantees finite-time convergence but also removes the restriction on the upper bound of lumped uncertainty. This paper is organized as follows: the attitude kinematics and dynamics of spacecraft are presented in Section II. Section III designs controllers and gives their stability analysis. Section IV presents simulation results and Section V draws conclusions.
II. ATTITUDE DYNAMICS OF SPACECRAFT
The attitude kinematics and dynamics of spacecraft is expressed as
is the inertia matrix, I 3 ∈ R 3×3 denotes the unit matrix,
T ∈ R 3 denotes the external disturbance, u ∈ R 3 is the control input,ū ∈ R 3 is the actuator bias fault, E = diag {E 1 , E 2 , E 3 } ∈ R 3×3 denotes the failure indicator for the actuator, ω × ∈ R 3×3 is the skew-symmetric matrix, and defined as
T and ω e denote attitude and angular velocity tracking error, respectively. Then, one can obtain
where
T ∈ R 3 denote the desired attitude and angular velocity, respectively, and C = 1 2 q 2 e0 − q T ev q ev I 3×3 + 2q ev q T ev − 2q e0 q × ev . Considering inertia uncertainties, the inertia matrix J can be written as J = J 0 + J, where J 0 and J denote the nominal inertia matrix and the uncertainties, respectively. According to equations (1) and (2), the relative attitude tracking error is obtained as
Assumption 1 [22] : The desired angular velocity ω d is bounded. Its first derivativeω d is also bounded.
Assumption 2 [17] , [22] : The disturbance d (t) is bounded, and satisfies the constraint |d i | ≤ l i , where l i > 0 is a positive scalar, i = 1, 2, 3.
Assumption 3 [31] : The actuator bias faultū is uncertain but bounded, and satisfies the constraint ū ≤ū max , wherē u max is a positive scalar.
Lemma 1 [17] : Considering the dynamic systemẋ = f (x), if there exists a continuous positive definite function V (x) satisfying the differential inequalitẏ
then, the dynamic system is finite time stable, i.e., the trajectories of the dynamic system can converge to zero in finite time, where h 1 , h 2 and ι are positive constants, 0 < ι < 1.
III. CONTROLLER DESIGN AND STABILITY ANALYSIS A. NFTSMC
A nonsingular fast terminal sliding mode manifold is designed as
where c 1 = diag {c 11 , c 12 , c 13 } and c 2 = diag {c 21 , c 22 , c 23 } are coefficient diagonal matrices, α 1 and α 2 are positive constants; α 1 > α 2 and 1 < α 2 ≤ 2. Remark 1: The termq ev in (5) is not obtained by differential operation ofq ev . It can be calculated from (3) without differential operation.
The dynamics of sliding mode manifold can be expressed asṡ
}. According to the expression P e = q e0 I 3×3 + q × ev , it follows thatṖ
Noting that q T ev ω e = q ev ω T e and ω × e ω e = 0, the equation (7) can be expressed asṖ
From (3) and (8), one obtains
In view of (3) and (9), the equation (6) be expressed aṡ
Assumption 4: The lumped disturbanceF is assumed to be bounded. That is, there exist a positive constant ρ such that
In view of dynamic system (10), the control law can be designed as
is a gain diagonal matrix, η is a small positive constant, and sign (s) = sign (s 1 ) , sign (s 2 ) , sign (s 3 ) T .
Substituting control law (11) into the dynamic system (10), one obtainṡ
whereF = P e F. Theorem 1: Considering the nonsingular fast terminal sliding mode manifold (5), when the sliding mode manifold s = 0 is reached, the attitude tracking error q ev ≡ 0 and attitude tracking error ω e ≡ 0 are achieved in finite time.
Proof: When sliding mode manifold s = 0 is reached, from sliding mode manifold (5), one obtains
The dynamic system (13) is equivalent tȯ
Consider the following candidate Lyapunov function
The derivative of the Lyapunov function (15) is expressed aṡ
From the equation (16) and Lemma 1, it follows that the attitude tracking error q ev ≡ 0 is achieved in finite time. From the system (3), in can be concluded that the attitude tracking error ω e can reach zero in finite time. Theorem 2: Considering spacecraft systems (1) under Assumptions 1-4, the control law (11) with the nonsingular fast terminal sliding mode manifold (5) can guarantee that the sliding mode s = 0 is established in finite time.
Proof: Consider the following candidate Lyapunov function
In view of the dynamic system (12) and Assumption 4, the derivative of the Lyapunov function (17) is expressed as
where ι 1 = λ min (λ 2 k) and ι 2 = √ 2 2 min {ηλ 2i }. From the equation (18) and Lemma 1, it follows that the sliding mode s = 0 is established in finite time.
B. ANFTSMC
The control law (11) is obtained under Assumption 4. However, Assumption 4 is difficult to satisfy in practice. Next, an adaptive nonsingular fast terminal sliding mode control will be proposed. And it does not rely on Assumption 4. According to the system (3), it follows that
Noting that P e = 1, according to Assumptions 1-3, one obtains
E and a 3 = J J 0 + J J −1 . The control law can be designed as
whereâ 1 ,â 2 andâ 3 are the estimates of a 1 , a 2 and a 3 , respectively. The adaptive laws are designed aṡ
where ς 1 , ς 2 , ς 3 , µ 1 , µ 2 and µ 3 are positive constants. Figure 1 shows the proposed control scheme for attitude tracking of spacecraft with actuator faults. 
Remark 2:
The discontinuous term sign (s) exists in the control laws (11) and (21), which will lead to the undesirable chattering. This problem can be solved by replacing the term sign (s) by a saturation function
Theorem 3: Considering the spacecraft system (1) under Assumptions 1-3, the control law (21) with the adaptive law (22) can guarantee that the sliding mode s = 0 is established in finite time.
Proof: The estimation errors are defined asã 1 = a 1 −â 1 , a 2 = a 2 −â 2 andã 3 = a 3 −â 3 . Consider the following candidate Lyapunov function
In view of the dynamic system (12) and the control law (21), the derivative of the Lyapunov function (23) is expressed aṡ
Considering (19) and (22), it follows thaṫ
ς iãiâi (25) Applying Young's inequality, one can obtain
where δ 1 > 0.5.
Using (26), we can rewrite (25) aṡ
, and σ =
2 a 2 i . Using the Comparison Lemma [38] , we can rewrite the inequality (27) as
where V 3 (0) is the initial value of the Lyapunov function V 3 (t). Thus, the closed-loop control system is uniformly ultimately bounded, i.e., all signals in the closed-loop systems are bounded. Therefore, there exist a positive constant η 0 such that ã 1 +ã 2 u +ã 3 ω 2 ≤ η 0 . Consider the following candidate Lyapunov function
The derivative of the Lyapunov function (29) is given bẏ
The coefficient η is selected to satisfy the constraint η − η 0 > 0. Then, the inequality (30) can be rewritten aṡ
where λ 1 = λ 2 k , and λ 2 = √ 2 (η − η 0 ) λ 2 . From the equation (31) and Lemma 1, it follows that the control law (21) with the adaptive law (22) can guarantee that the sliding mode s = 0 is established in finite time. 
IV. SIMULATION
In this section, simulations using the MATLAB/Simulink are implemented to demonstrate the performance of the proposed controllers. The real inertia matrix J and the nominal inertia matrix J 0 are assumed to be J = diag (22.7, 23.3, 24.5) kg · m 2 and J 0 = diag (20, 21, 22) kg · m 2 , respectively. The external disturbance is T , respectively. The failure indicator for the actuator is assumed as E i = 0, t ≤ 15s 0.4, t > 15s , and the actuator bias fault is assumed as
Since this work is an extension of the work in [25] , the finite time robust controller (FTRC) presented in [25] is selected for the comparisons. The control gains of the FTRC in [25] , NFTSMC (11), and ANFTSMC (21) are given in TABLE 1. The simulation results under the three controllers are shown in Figures 2-4 . Figure 2 shows that attitude and angular velocity tracking errors of spacecraft system under the FTRC converge to small neighborhoods of zero in 17s. In Figures 3 and 4 , attitude and angular velocity tracking errors of spacecraft system under the NFTSMC and ANFTSMC converge to small neighborhoods of zero in 10s. In addition, as shown in Figures 2-4 , the control inputs of the FTRC, NFTSMC, and ANFTSMC are 4.5N · m, 3N · m, and 2.5N · m, respectively. The FTRC requires a large gain of discontinuous term to reject uncertainties, disturbances and actuator faults. Thus, its control input is maximal. Compared with FTRC, a linear sliding mode robust term is added into the NFTSMC, which not only enhances the robustness, but also accelerates the convergence speed. For ANFTSMC, adaptive law is introduced to estimate the boundaries of the total disturbances, which can reduce conservativeness of parameter selection. It implies that the proposed methods achieve the faster convergence rate and higher accuracy with a smaller control effect.
To further verify the performance of the proposed ANFTSMC, the simulations are implemented under the greater uncertainty and disturbance. The nominal inertia matrix J 0 is assumed to be J 0 = diag (20, 20, 20) kg · m 2 , and the external disturbance is assumed to be d (t) = [−0.5 sin (5t) , 0.8 sin (5t) , 1.0 sin (5t)]
T . The other parameters are the same. Meanwhile, in order to suppress chattering, the saturation function sat (s) in Remark 2 is adopted. Here, the parameter ε is set as 0.0001. The corresponding simulation results are shown in Figure 5 . Even if the uncertainties and disturbances is greater, the close-loop system can still achieve the acceptable tracking performance. The tracking accuracy goes down because uncertainties and disturbances is greater and saturation function is used. However, the highfrequency chattering is eliminated due to replacing the discontinuous term with the smooth saturation function. In fact, the accuracy can be further improved by adjusting the parameters. The tuning of parameters requires compromise between the tracking accuracy and chattering.
V. CONCLUSION
In this paper, a nonsingular terminal sliding mode technique is investigated for attitude tracking of spacecraft with actuator faults. The proposed nonsingular terminal sliding mode control overcomes singularity problem and achieves finite-time convergence of the attitude and angular velocity tracking errors in the presence of uncertainties, external disturbances and actuator faults. The total uncertainty in the spacecraft system is proved to be bounded. Adaptive laws are incorporated to develop the adaptive nonsingular terminal sliding mode control, which doesn't require the prior knowledge of disturbance. Simulations verify the validity of the proposed methods. The proposed controllers can achieve high precision and fast response without losing its robustness against disturbance. In future, actuator saturation will be considered for the proposed adaptive nonsingular terminal sliding mode control.
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